In this paper we prove that Y5, the Yao graph with five cones, is a spanner with stretch factor ρ = 2 + √ 3 ≈ 3.74. Since Y5 is the only Yao graph whose status of being a spanner or not was open, this completes the picture of the Yao graphs that are spanners: a Yao graph Y k is a spanner if and only if k ≥ 4.
Introduction
Let S be a set of points in the plane. Fix an ordering ≺ on all pairs of points {a, b} in S based on their Euclidean distance ||ab|| where ties are broken arbitrarily, i.e. if ||ab|| < ||cd|| then {a, b} ≺ {c, d}. Given an integer parameter k > 0, the directed Yao graph [10] with parameter k, denoted − → Y k , is constructed as follows. For each point p in S, partition the space into k equal-measured cones of angle 2π/k each whose apex is p (the orientation of the cones is fixed for all points). In each cone, p chooses the closest point q in S (if any) according to the ordering ≺ and adds (p, q) to − → Y k as a directed edge outgoing from p. The (undirected) Yao graph with parameter k, denoted Y k , is the underlying undirected graph of − → Y k . A geometric graph G on the point set S is called a ρ-spanner if for every two points a, b ∈ S, the shortest path distance between a and b in G is at most ρ · ||ab||. G is called a geometric spanner or simply spanner if ρ is a constant.
The Yao graphs have been extensively studied, and in particular many of their spanning properties have been discovered. It is known that Y 2 and Y 3 are not spanners [9] , Y 4 is a spanner with stretch factor 8 √ 2(29 + 23 √ 2) [4] , Y 6 is a spanner with stretch factor 17.7 [6] , and that for k ≥ 7, Y k is a spanner with stretch factor 1 1−2 sin(π/k)) [3] . The question of whether or not Y 5 is a spanner was previously open. In this paper we prove that Y 5 is a ρ-spanner, where ρ = 2 + √ 3 ≈ 3.74. Combining this with the previous results, we now have a complete picture of the spanners that can be constructed with Yao graphs: any Yao graph Y k is a spanner if and only if k ≥ 4. We also give a lower bound of 2.87 on the stretch factor of Y 5 . 
11.67 for k = 6k
open for other values of k ≥ 7
In contrast to our main results, we show that Y Y 5 , the Yao-Yao graph with five cones, is not a spanner. The directed Yao-Yao graph with parameter k > 0, denoted − − → Y Y k , is constructed in two stages. The first stage proceeds as in the construction of − → Y k . In the second stage, for each point p ∈ S, and for each cone defined by p in the first stage, point p keeps only the shortest incoming edge (if any) according to the ordering ≺ in − → Y k in the cone. The directed edges kept by the points in S in the second stage constitute
The Yao-Yao graphs have an advantage over the Yao graphs in that their maximum degree is bounded: Whereas Y k can have unbounded degree, the maximum degree of Y Y k is at most 2k. It is known that Y Y 4 is not a spanner [5] and is not plane [7] and that for any integer k ≥ 6, Y Y 6k is a spanner [2] . It is still open whether the Yao-Yao graph is a spanner for other values of the parameter k. Table 1 shows the stretch factors of Yao and Yao-Yao graphs for various values of the parameter k. The paper is organized as follows. In Section 2, we introduce the notations and terminologies used throughout the paper. In Section 3, we prove that Y 5 is a spanner. In Section 4, we give a lower bound of 2.87 on the stretch factor of Y 5 . We show in Section 5 that Y Y 5 is not a spanner. We conclude the paper in Section 6.
Preliminaries
Given a set of points S in the two-dimensional Euclidean plane, the complete Euclidean graph E on S is defined to be the complete graph whose point-set is S. Each edge ab connecting points a and b is assumed to be embedded in the plane as the straight line segment ab; we define its length to be the Euclidean distance ||ab||.
Let G be a subgraph of E. The length of a simple path P = m 0 , m 1 , . . . , m r = b between two points a, b in G is |P | = r−1 j=0 ||m j m j+1 ||. For two points a, b in G, we denote by d G (a, b) (or simply d(a, b) if G is clear from the context) the length of a shortest path between a and b in G. G is said to be a spanner (of E) if there is a constant ρ such that, for every two points a, b ∈ G, d(a, b) ≤ ρ · ||ab||. The constant ρ is called the stretch factor or spanning ratio of G (with respect to E).
For each point p ∈ S, label the five cones around it by
in the counterclockwise order. The two rays on the boundary of each cone are referred to as the start-ray and the end-ray, in the counterclockwise order. Fix an orientation of the cones such that the start-ray of C p 1 for all p is horizontal and points to the right. The bisector of a cone is a ray that separates the cone into two equal-sized subcones. See Figure 1 for an illustration. The following is a simple fact: Fact 1. Rotating around any point in the plane by 2πn/5, where n is an integer, does not change the orientation of the cones (up to a relabeling). Furthermore, mirror-flipping along the bisector of any cone does not change the orientation of the cones (up to a relabeling). In this paper, all the angles labeled as ∠xyz are measured from ray − → yx to ray − → yz in counterclockwise direction. |∠xyz| indicates the (unsigned) magnitude of ∠xyz.
Next we give two lemmas that will be useful in our proof.
Lemma 1. Let a, b, and c be three distinct points in the plane such that ||ac|| ≤ ||ab|| and |∠bac| ≤ θ, where θ ∈ (0, π/3) is a constant. Then ||ac|| + λ||bc|| ≤ λ||ab||,
Proof. By Lemma 10 of [3] , ||bc|| ≤ ||ab|| − ||ac||/t, where t = Note that
This implies that ||ac|| + λ||bc|| = λ||ab||. Let γ = |∠dba| and ω = |∠adb|. By the law of sines in the triangle △abd, we have
Therefore
Define a function f = sin γ sin(θ + γ) − sin θ .
We will show ∂f ∂γ ≥ 0. This is sufficient for the lemma because we can transform the triangle △abd to triangle △abc by moving d toward c (i.e., by increasing γ).
By a standard calculation,
We have ∂f ∂γ ≥ 0 because sin θ > 0, cos γ ≤ 1, and ||bc|| < ||ab|| (and hence sin(θ + γ) > sin θ). This proves the lemma.
Y 5 is a Spanner
It is easy to verify that
.
This section contains a proof for the following main theorem.
Let G be a Y 5 graph with point set S. We will prove that for any pair of points u, v ∈ S, d(u, v) ≤ ρ·||uv||. We proceed by induction on the ordering ≺ of the pairs of points in S (which is based on the Euclidean distance ||uv||). For the base case where {u, v} is the first pair in the ordering ≺, u, v is connected in G, and hence d(u, v) = ||uv|| ≤ ρ · ||uv||.
For the inductive step, we will prove d(u, v) ≤ ρ · ||uv|| based on the inductive hypothesis that d(x, y) ≤ ρ · ||xy|| for all pairs of points x, y ∈ S with {x, y} ≺ {u, v}. Without loss of generality, assume ||uv|| = 1.
Because of Fact 1, we can assume that v is in the first cone of u, i.e., v ∈ C u 1 . Furthermore, we can assume that v is on or below the bisector of C 
Since α + β = π − ϕ ≤ π − 2π/5 = 3π/5, we have min(α, β) ≤ 3π/10.
Based on the simple observation of (4), one can apply Lemma 1 to easily prove that the stretch factor of Y 5 is at most 1 1−2 sin (3π/20) ≈ 10.87, which is the same result obtained in an earlier version of this paper [8] and, independently, in [1] . Here we apply a more careful analysis to obtain a tighter upper bound on the stretch factor of Y 5 .
We consider three paths between u and v:
1. P 1 consists of the edge (u, w) ∈ G and the shortest path from w to v. The length of P 1 is
2. P 2 consists of the edge (v, z) ∈ G and the shortest path from z to u. The length of P 2 is |P 2 | = ||vz|| + d(u, z).
3. P 3 consists of the edge (u, w) ∈ G, the shortest path from w to z, and the edge (z, v) ∈ G. The length of P 3 is |P 3 | = ||uw|| + ||vz|| + d(z, w).
Define three values
In order to prove the theorem, it suffices to prove that
Here is why: if g 1 = ||uw|| + ρ||vw|| ≤ ρ||uv||, then ||vw|| < ||uv|| and by the inductive hypothesis d(v, w) ≤ ρ||vw||, which gives us
Similarly, if g 2 ≤ ρ||uv|| then |P 2 | ≤ ρ||uv|| and if g 3 ≤ ρ||uv|| then |P 3 | ≤ ρ||uv||. In any of the these cases, we have d(u, v) ≤ min(|P 1 |, |P 2 |, |P 3 |) ≤ ρ||uv|| and the theorem is proven.
In the following, we will prove (8) using analysis and geometric observations. We start by bounding the values of α and β.
If α ≤ θ, then by Lemma 1,
· ||uv||.
, this implies
and we are done. Similarly, if β ≤ θ, then g 2 = ||vz|| + ρ||uz|| ≤ ρ||uv|| and we are done. Therefore we can assume α > θ and β > θ. Since v is on or below the bisector of C u 1 , we have |∠auv| ≤ π/5 < θ and |∠uvd| ≤ π/5 < θ. This implies that neither z or w is below the line uv. So we can assume that both z and w are above the line uv, as illustrated by Figure 3 .
The following proposition plays a key role in this proof.
Proposition 1.
If g 1 > ρ||uv|| and g 2 > ρ||uv||, then ||wz|| ≤ 2 cos θ − 1.
Proof. Let w ′ , w ′′ be two points in the ray − → uw such that
By Lemma 2, if ||uw|| ≤ ||uw ′ || then g 1 = ||uw|| + ρ||vw|| ≤ ρ||uv||. So we can assume w is in the line segment w ′ w ′′ . See Figure 4 .
Similarly, let z ′ , z ′′ be two points in the ray − → vz such that
Since g 2 > ρ||uv||, we can assume z is in the line segment z ′ z ′′ .
By linearity, we have By the law of sines in the triangle △uvt, we have (recall that we assume ||uv|| = 1):
and ||vt|| = sin α sin(α + β) .
See Figure 4 for illustration. We continue by distinguishing two cases.
Case 1. First consider the case where uw and vs cross each other. See Figure 5 (a). In this case, since wz is a line segment in the triangle △tw ′′ z ′′ , we have ||wz|| ≤ max(||tw ′′ ||, ||tz ′′ ||, ||w ′′ z ′′ ||). Since α ≥ θ, β ≥ θ and sin(α + β) ≤ 1, we have ||tw
It is easy to see that ||w ′′ z ′′ || increases when we fix vz ′′ and rotate uw ′′ clockwise around u until α = θ. Similarly, ||w ′′ z ′′ || increases when we fix uw ′′ and rotate vz ′′ counterclockwise around v until β = θ. Therefore ||w ′′ z ′′ || is maximized when α = β = θ. See Figure 5 (b). In this case it is a simple calculation based on the geometry to verify that ||w ′′ z ′′ || = 2 cos θ − 1.
Case 2. Now assume that uw and vs do not cross each other. See Figure 6 (a). In this case either ||uw|| < ||ut|| or ||vz|| < ||vt|| or both. If ||vz|| < ||vt||, then ||wz|| increases when we fix vz and rotate − → uw counterclockwise around u until α = 3π/5 − β. Otherwise we have ||uw|| < ||ut||; then ||wz|| increases when we fix uw and rotate − → vz clockwise around v until β = 3π/5 − α. Note that in the above rotating process, it is possible for − → uw or − → vz to go beyond the boundaries of the cones C u 1 or C v 3 respectively, but this is not a problem because we only need to bound ||wz|| in this proposition and going beyond the boundaries of the cones does not affect the discussion that follows. So in either case, we can assume α + β = 3π/5.
Since
decreases when α increases, w is still in the line segment w ′ w ′′ after rotation. Similarly, z is in the line segment z ′ z ′′ after rotation. This means that
still holds after the rotation. See Figure 6 . We have
Let
Note that the values of x 1 and y 1 can be positive or negative. From (10) -(13), we have
Recall that c 1 =
, and 3π/10 ≤ α ≤ 3π/5 − θ, we verify the following: The preceding inductive proof of the upper bound on the stretch factor of Y 5 suggests a possible construction that gives a lower bound of the stretch factor of Y 5 . It is based on recursively attaching the "lattice" as shown in Figure 5 (b) to pairs of non-adjacent points (e.g., pairs {u, z}, {z, w}, {w, v} in Figure 5 (b) ). This recursion-based construction results in a "fractal" starting from the pair {u, v}. See Figure 7 (a) . However, the growth of fractal is limited because neighboring fractal branches collide into each other, thereby creating shortcuts to the paths, as shown in the circled area of Figure 7 (a). This lowers the stretch factor of the fractal to 2.66. We adjust the shape of the fractal to increase the stretch factor. In Figure 7 (b), we obtained a stretch factor of more than 2.87 by equalizing the length of all shortest paths between u and v, as shown in Figure 7 (b). The exact locations of the points are given in the appendix.
Y Y is not a Spanner
We give a construction of a Y Y 5 graph whose stretch factor is unbounded. Figure 8 shows the initial steps of constructing such a Y Y 5 graph, where the path between a and b can grow horizontally to the right by adding more points following the pattern, exceeding any bound on the stretch factor. 
Concluding Remarks
In this paper we prove that the stretch factor of Y 5 is in the interval (2.87, 3.74). While the gap between the upper bound of 3.74 and the lower bound of 2.87 proved in this paper is small, the tight bound of the stretch factor of Y 5 remains unknown. Similarly, it will be interesting to study the tight bounds of other Yao graphs Y k for k ≥ 4.
Clearly, the Yao-Yao graphs are less well understood than the Yao graphs. While we know some partial results on the stretch factors of Yao-Yao graphs, many questions about the spanning properties of Yao-Yao graphs remain unresolved. For example, are the Yao-Yao graphs spanners for all k > 6?
